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DETERMINATION OF ALL IMAGINARY CYCLIC 
QUARTIC FIELDS WITH CLASS NUMBER 2 

KENNETH HARDY, RICHARD H. HUDSON, DAVID RICHMAN AND 
KENNETH S. WILLIAMS 

ABSTRACT. It is proved that there are exactly 8 imaginary cyclic quartic fields 
with class number 2. 

1. INTRODUCTION 

Let K be an imaginary cyclic quartic extension of the rational field Q. K 
has a unique quadratic subfield which we denote by k. The class number of 
K (resp. k) is denoted by h(K) (resp. h(k)). The relative class number of 
Kover k is the positive integer h*(K) = h(K)/h(k). The conductor of K is 
denoted by f. In 1972 Uchida [17] proved that if K is a field with h * (K) = 1 
then f < 50,000. In 1980 Setzer [14] computed the values of h*(K) for all 
fields K having h*(K) == 1 (mod2) for which f < 50,000. He found that 
h * (K) = 1 for exactly 7 fields K. Since h (k) = 1 for these 7 fields, Setzer's 
work completed the proof of the following theorem. 

Theorem 1 (Uchida-Setzer). If K is an imaginary cyclic quartic field of class 
number 1, then K is one of the 7 fields 

Q(J-(5+2v's)) 
Q (J-(13 + 2m)) 
Q (J-(2+V2)) 

(/ = 5), 

(/ = 13), 

(/=16), 
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Q ( V -(29 + 2m)) 
Q ( V -(37 + 6.Jfi)) 

Q ( V -(53 + 2m)) 
Q (V-(61 + 6v'6f)) 

(f = 29). 

(f=37). 

(f = 53). 

(f = 61). 

In this paper we determine all the imaginary cyclic quartic fields of class 
number 2. We prove the following theorem. 

Theorem 2. If K is an imaginary cyclic quartic field of class number 2. then K 
is one of the 8 fields 

Q(V-(5+v's)) (f = 40). 

Q(V-3(2+V2)) (f = 48). 

Q (V-13(5+2v's)) (f = 65). 

Q (V-5(13 + 2m)) (f = 65). 

Q (V-5(2+V2)) (f = 80). 

Q (V-17(5+2v's)) (f = 85). 

Q(V-(13+3m)) (f = 104). 

Q (V-7(17+4.ffi)) (f = 119). 

We now describe how this theorem is proved. In §2 we give a formula for 
h*(K). In §3 we determine the form of the conductor f of those imaginary 
cyclic quartic fields K having h*(K) == 2 (mod4). We prove 

Proposition 1. Let K be an imaginary cyclic quartic extension of the rational 
field Q with conductor f. Then h * (K) == 2 (mod 4) if and only if 

f = 8 p . where p == 5 (mod 8) . 

or 

f= 16p. wherep==30r5(mod8). 



or 
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j = pq, (p/q) = -1, where p == 3 (mod4) , q == 1 (mod 8) ; 
p == 1 (mod 8) ,q == 5 (mod 8); or 
p == q == 5 (mod 8). 

[p and q denote distinct odd primes. ] 

3 

This result overlaps with the work of Brown and Parry [4, 5] in certain cases. 
In §4, by extending the arguments used by Uchida in [17], we prove the 

following result. 

Proposition 2. Let K be an imaginary cyclic quartic extension with conductor 
j such that h' (K) == 2 (mod 4). Suppose that 

(1.1 ) 

where 

( 1.2) 

Set 

( 1.3) 

(1.4 ) 

j~A, 

A> 64. 

B = _1 + log log A + _y_ + 3 + 3 , 
2n nlogA nlogA n(logA - I/VA) 2VAlogA 

b = ~(1 + V2) = 3.621320343 .... 

Let c be a real number satisjying 

(1.5) O<c<1. 

Let a be a real number such that 

(1.6) a> max (CI~gA ,b) . 
Set 

(1. 7) { 
log log A 1 V 

c+2(c+l) I A + 2+1A' ijU>O, 
C _ og a (log A) og 

- , log log A 1 
c + 2~ c + 1) I A + 2 ' if V ~ 0 , 

og a(logA) 
where 

V = loga + 2clogB - 210g(cP) 

I ( 1 log log A y 1 log v) 
+ og 2' + log A + log A + (V VA log A-I) log A + log A ' 

V = _1_ + v'2loglogA + 3 
nv'2 nlogA 2n((I/VS)log(A/8) - I/VA) 

Y 2 + -- + -==---
n log A VA log A ' 
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and y = 0.5772156649 ... is Euler's constant. Set 

( 1 ((9 + 6J2)) (l.8) D = exp loga + alogA + 210g 1 + 2a 

4(logA)(ac log A + 2)C 1 (2 2)) + + og 7C • 
(ac log A - 2)2 

Then we have 

( l.9) h*(K) f 
> D(logf)2' 

We remark that from (1.4) and (l. 6) we have 

(1.10) l<b<a. 

Taking 

(1.11) A = 416,000, 
( l.l2) c = 0.9285, 
(1.13) a = 20.55, 

we obtain 

(1.14) B = 0.3103355318, 
(1.15) C = 1.892633982, 
( 1.16) D = 1242.298845, 

so that, by Proposition 2, we have 

(l.l7) h*(K) > 2.000337977 > 2. 

This proves the following result. 

Proposition 3. Let K be an imaginary cyclic quartic extension of Q with relative 
class number 2. Then the conductor f of K satisfies f < 416 , 000 . 

A computer program was written to calculate the relative class number h * (K) , 
from the formula given in (3.13), for all imaginary cyclic quartic fields K hav-
ing conductor f < 416, 000 of one of the forms given in Proposition 1. A 
description of the computer program is given in §5. Exactly 10 fields K were 
found to have h * (K) = 2 , namely 

Q (J-(5 + v's)) 
Q (J-3(2 + J2)) 
Q (J-13(5+2v's)) 
Q ( J -5(13 + 2m)) 

(f = 40), 

(f = 48), 

(f = 65), 

(f = 65), 
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Q (V-5(2+V2)) 

Q (V-(10+3/fO)) 

Q (V-17(5 + 2../5)) 

Q (V-(85+6J85)) 

Q (V-(13+3v'T3)) 

Q ( V - 7( 17 + 4v'I7)) 

(f = 80), 

(f = 80), 

(f = 85), 

(f = 85), 

(f = 104), 

(f = 119). 

h(Q(V2)) = h(Q(../5)) = h(Q(v'T3)) = h(Q(v'I7)) = 1 

h(Q(/fO)) = h(Q(J85)) = 2, 

Theorem 2 follows from Proposition 3 and Theorem 1. 

2. FORMULA FOR h*(K) 

We denote the multiplicative group of residues coprime with f by G. We 
have 

(2.1 ) G?::. Gal(Q(e21ri /f)/Q). 

Further we denote by H the subgroup of G such that 

(2.2) H?::. Gal(Q(e21ri/ f )/K). 

H is a subgroup of index 4 in G and the factor group G/ H is cyclic of order 
4. We let' 0: be an element of G such that 

(2.3) G/H = (o:H) , 

and we define a character X on G by 

(2.4 ) X(o:)=i, X(h)=1 forallhEH. 

There are just 4 characters defined on G which are trivial on H, namely, 

(2.5) 2 3 
Xo' X, X ,X 

where Xo is the principal character on G, that is, 

(2.6) Xo(g) = 1 for all g E G. 

X ,/ = X are quartic, primitive, odd characters of conductor f. / is a 
quadratic, even character (mod f). The primitive character (/)' induced by 
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/ is given by 

(2.7) 2 I 
(X ) (n) = (min). (n,m)=I. 

where m is the discriminant of the unique quadratic subfield of K. 
As is customary we write ((5) for Riemann's zeta function, where 5 = a + it 

is a complex variable. The function ((5) is meromorphic, its only pole being a 
simple pole at 5 = 1 with residue l. If A is a character (modk) the Dirichlet 
L-function corresponding to A is denoted as usual by L(5, A). If A :j:. AO (the 
principal character (modk)), L(5.A) is an entire function. The only zeros of 
L(5 . A) , apart from the trivial zeros 

if A( -1) = 1 , 
{ 

5 = -2n (n = O. 1. 2 .... ) . 
(2.8) 

5 = - (2n + 1) (n = O. 1 .2 .... ) , if A( -1) = -1 , 

lie in the critical strip 0 < a < 1. The function L(5. AO) is a meromorphic 
function, its only pole being a simple pole at 5 = 1 . It is well known that 

(2.9) L(5.AO) = II (1- ~s) ((5) (a> 1). 
plk 

The class number formula for abelian fields (see for example [7, §3]) applied to 
the field K gives 

(2.10) 
3 

h*(K) = Jw(K)L(1 .X)L(I ,X ) , 
4n2 

where w(K) denotes the number of roots of unity in K, that is, 

(2.11 ) w(K) = { 2, if J> 5. 
10, if J = 5. 

Since h*(K) = I, for J = 5, we can exclude this case from this point on. Thus 
we have 

(2.12 ) h*(K) = JL(I ,X)L(1 ,/) . 
2n2 J> 5. 

3. PROOF OF PROPOSITION 1 
It is shown in [6, Theorem I] (see also [20]) that the imaginary cyclic quartic 

field K can be written uniquely in the form 

(3.1 ) 

where A, B , C . D are integers such that 

{
A is square free , odd and negative. 

(3.2) D = B2 + C 2 is squarefree, B> O. C> 0, 
A and D are relatively prime. 

It should be noted that the letters A , B , C ,D used here have nothing to do with 
the same letters used in Proposition 2. Moreover it is proved in [7, Theorem 5] 
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that the conductor f of K is given by 

(3.3) 

where 

(3.4) { 
3, 

1= 2, 
0, 

f = 2'IAID, 

if D == 2 (mod 8) or D == 1 (mod 4) ,B == 1 (mod 2) , 
if D == 1 (mod4) ,B == 0 (mod2) ,A +B == 3 (mod4) , 
if D == 1 (mod 4) ,B == 0 (mod2) ,A +B == 1 (mod4). 

For each prime p, we let e p (f) denote the largest integer such that pep (f) 
divides f. It is clear from (3.3) and (3.4) that the following statements hold: 

(3.5) 

(3.6) 
if p is an odd prime, e p (f) = O,or 1 ; 

e2(f) = 0,2,3 or 4; 

(3.7) if e 2 (f) < 4 then f has a prime factor congruent to 1 (mod 4) ; 
(3.8) if f has only one prime factor then either f = 16 or f is a prime == 5 
(mod 8); 
(3.9) if f = 8p (resp. 4p) for p an odd prime then p == 1 (mod4) (resp. 
p == 1 (mod 8) ); 
(3.10) if f = pq for distinct odd primes p and q, then either p == q == 1 
(mod 4) with at least one of p and q congruent to 5 (mod 8) or one of p and 
q is congruent to I (mod 8) and the other congruent to 3 (mod 4) ; 
(3.11) if f has more than one prime factor then ¢(f) == 0 (mod 16). 

We also set 

( 3.12) 
O<n<I/2 
x(n)=iJ 

O<n<I/4 
x(n)=iJ 

(j = 0, 1 ,2,3). 

It was shown in [7, Theorem 3] that 

(3.13 ) 

where 
1/2, if f = 5, 
1/8, if f> 5 ,f even, 

(3.14 ) p= 1/2, if f> 5, f odd, X(2) = 1 , 
1/18, if f> 5 ,f odd, X (2) = -1 , 
1/10 , if f> 5,f odd, X(2) = ±i. 

It was also observed in [7, equation (6.8)] that 

(3.15 ) 

Proposition 1 will be established after a succession of lemmas. 
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Lemma 1. If f = 0 (mod 2) then for any integer n we have 

( 3.16) x(f12 - n) = x(n). 

Proof. By (3.6) we have f = 0 (mod4). Thus we have (1 - f12)2 = 1 
(modf) , so X(1 - f12) = ±1. Since X is a primitive character (mod!) 
we must have 

(3.17) X (1 - fl 2) = - 1 , 

and, as X is odd, we deduce 

(3.18) X (fl 2 - 1) = 1. 

The assertion (3.16) follows easily from (3.18). 

Lemma 2. If f = 0 (mod2) then 

(3.19) Cj = 2Dj (j = 0, 1 ,2,3) . 

Proof. As f is even, by Lemma 1, we have x(f12 - n) = x(n) for all integers 
n , from which (3.19) follows. 

Lemma 3. If f = 0 (mod 8) then for any integer n we have 

(3.20) (n-ll/2 X (f14 - n) = (- 1 ) X (f14 - 1) X ( n) , 

Proof, We have (appealing to Lemma 1) 

so that 

(3.21 ) 

(X(~-l)r =x(l-f(l-f)) 

=-x((l-f)f-l) (asx(-I)=-l) 

= { + I, if f = 8 (mod 16), 
-I, iff=0(mod16), 

( f ) _ { ± I, if f = 8 (mod 16), 
X -4- 1 - ±' 

I , if f = 0 (mod 16) , 

Next we note that 

( f ) (f ) { x(f18 . fl2 - I) , X --I X -+1 = 
4 4 X (f/l6 . f - 1) , 

if f=8 (modI6), 
if f = 0 (mod 16), 



IMAGINARY CYCLIC QUARTIC FIELDS 9 

SO that by Lemma 1 we have 

( 3.22) 
if f== 8 (mod16), 
if f == 0 (mod 16). 

Then, from (3.21) and (3.22), we obtain 

(3.23) x (/14 + 1) = X (/14 - 1). 

If n == 1 (mod4) then (f14 - 1)n == fl4 - n (modf) , so that x(//4 - n) = 
x(//4 - 1)x(n). If n == 3 (mod4) then -(//4 + l)n == fl4 - n (modf) , so 
that by (3.23) we have 

X ({ - n) = -X ({ + 1) x(n) = -X ({ - 1) x(n). 

This proves (3.20) when n is odd. When n is even (3.20) follows trivially as 

X (/14 - n) = X (n) = 0 . 

Lemma 4. If f = 16p, where p is an odd prime, then 

(3.24) 

(3.2S) 

(3.26) 

Do + D2 = DI + D3 = P - 1 , 

{ 0 (mod 2) , if p == 1 , 7 (mod 8) , 
D +D == o 1 1 (mod 2) , if p == 3, S (mod 8) , 

• { 0 (mod 4), if p == 1 , 7 (mod 8) , 
h (K) = 

2 (mod4) , ifp==3,S(mod8). 
Proof. From Lemma 2 and (3.1S) we obtain 

Do + D2 = DI + D3 = </1(/)/8 = </1(16p)/8 = p - 1, 

which is (3.24). Next we have 

that is, 

(3.27) 

0<11<//8 
X(I1)=1 or i 

0<11<//8 
XU/4-11)=1 or i 

0<11<//8 

1 , 

0<I1<f/8 
X(I1)=1 or i X(I1)=( -I )"" "IC XU/4-1)( 1 or i) 

by (3.21) and Lemma 3. Now, for r, s = 0 , 1 ,2 , 3 , set 

(3.28) S(r,s)= L 1. 
0<11<//8 

n=:r (mod4) 
x(n)=i' 



10 KENNETH HARDY, R. H. HUDSON, DAVID RICHMAN AND K. S. WILLIAMS 

Then, from (3.27) and (3.28), we obtain 

+ S (1 , 0) + S (1 , 3) + S (3 , 1) + S (3 , 2) , if X (114 - 1) = i , 
D +D = 

{ 

S(I,0)+S(I,I)+S(3,0)+S(3,1) 

o 1 S(1,0)+S(1,1)+S(3,0)+S(3,1) 

that is, 

+ S (1 , 1) + S (1 , 2) + S (3 , 0) + S (3 , 3) , if X (114 - 1) = - i , 
= {S (1, 1) + S ( 1, 3) + S (3 , 0) + S (3 , 2) (mod 2), if X (114 - 1) = i , 

S ( 1, 0) + S ( 1, 2) + S (3, 1) + S (3 , 3) (mod 2), if X (114 - 1) = - i , 

(3.29) Do + DI == S(l, 0) + S(1 ,2) + S(3, 1) + S(3, 3) (mod2) 

in both cases, as 

(S(I, 0) + S(1 ,2)) + (S(1 ,1) + S(1 ,3)) + (S(3, 0) + S(3, 2)) 

+(S(3,1)+S(3,3))= L 1= L 1=¢(2p)=p-l==0 (mod2). 
0<n<//8 
(nJ)=1 

0<n<2p 
(n .2p)=1 

Next, we have 

so that 

3 

LS(3,j)= L 1= L 
)=0 0<n<//8 

(nJ)=1 
n:=3 (mod4) 

0<n<2p 
(n .p)=1 

n:=3 (mod4) 

= L 1 _ { 0, ~f p ~ 1 (mod 4) , 
O<n<2p 1, If P = 3 (mod4) 

n:=3 (mod4) 

1 { 0, if p == 1 (mod 4) , 
="2(p-l)- 1, ifp==3(mod4) 

(3.30) S(3, 1) + S(3 , 3) == S(3 , 0) + S(3 , 2) (mod 2). 

Then (3.29) and (3.30) give 

that is 

(3.31) 

Do + DI == S( 1 ,0) + S( 1 ,2) + S(3 , 0) + S(3 , 2) (mod 2) , 

Do + DI == L 1 (mod2). 
0<n<//8 
x1(n)=1 

Now, for f = 16p, where p is an odd prime, we have from (3.3) 

(3.32) 16p = 2'IAID. 

As A is odd and negative, we have either A = -lor A = - p. If A = -1 
then D = 24-' P , and so as I = 0 ,2 or 3 and D is squarefree, we must have 
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1=3 and D = 2p. Further, as D = B2 + C 2 , we must have p == 1 (mod 4) . 
If on the other hand we have A = - p then D = 24- 1 , and so, as I = 0 . 2 or 3 
and D is squarefree, we must have I = 3 . D = 2. Hence we have shown that 
either 

(3.33) 

where p == 1 (mod4) is prime, 2p = B2 + C2 , B> 0, C> 0, or 

(3.34) 

where p is an odd prime. 

Set 

(3.35) * {p. p = 
1 • 

in case (3.33) . 
in case (3.34). 

Then the unique quadratic subfield of K is 

(3.36) 

of discriminant 8p* . Hence, appealing to [7, §3], we have 
2 * * (3.37) X (n) = (8p In). for n > 0 and (n .8p ) = 1. 

Thus (3.31) can be written 

(3.38) Do +DI == L 1 == L 1 (mod2) . 
O<n<2p O<n<2p 

(n .16p)=1 (n .2p)=1 
(8p' jn)=1 (2p' jn)=1 

Next, by the law of quadratic reciprocity, we have for 0 < n < 2p and 
(n . 2p) = 1 

that is, 

(3.39) ( 2P*) (-1) (2 P*) 2p-n = np 11' 0<n<2p. (n.2p)= 1. 
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Hence, using (3.39) in (3.38), we obtain 

Do+DI == 

= 

= 

L 1 + L 
O<n<p O<n<p 

(n ,2p)=1 (n ,2p)=1 
(2p'/n)= 1 (2p'/(2p-n))=1 

L 1 + L 
O<n<p O<n<p 

(n .2p)=1 (n ,2p)=1 
(2p'/n)= 1 (2p'/n)=( -I/np) 

L (mod2) 
O<n<p 

(n .2p)=1 
(-I/n)=-(-I/p) 

(mod 2) 

(mod2) 

= n=3 (mod4) { 
L: O<n<p 1 (mod2) , ifp==l(mod4), 

- L: O<n<p 1 (mod 2) , ifp==3(mod4), 
n=1 (mod4) 

{ i(p - 1) (mod2) , if p == 1 (mod4) , 

== i(p + 1) (mod2) , if p == 3 (mod4) , 
== { 0 (mod 2), if p == 1 , 7 (mod 8) , 

1 (mod 2), if p == 3, S (mod 8) , 
completing the proof of (3.2S). 

Finally, by (3.13), (3.14), (3.19), (3.24) and (3.2S), we obtain 
* 2 2 2h (K) = (Do - D2) + (DI - D3) 

proving (3.26). 

2 2 =(2Do -(p-I)) +(2D1-(p-l)) 
2 2 2 = 4(Do + DI ) - 4(p - 1 )(Do + D1) + 2(p - I) 

== 4(Do + D1) (mod 8) 
== { 0 (mod 8), if p == 1 ,7 (mod 8) , 

4 (mod 8) , if p == 3, S (mod 8) 

Lemma 5. If f = 8p, where p is an odd prime (necessarily p == 1 (mod4) by 
(3.9)) then we have 

(3.40) 

(3.41 ) 

and 

(3.42) 

Do + D2 = DI + D3 = -!(p - 1), 
Do + DI == ~(p - 1) (mod2) , 

* {0(mOd4), ifp==1 (mod 8) , 
h (K) == 

2 (mod 4) , ifp==S(mod8). 
Proof. From Lemma 2 and (3.IS) we obtain 

D + D = D + D = ¢(f) = ¢(8p) = p - 1 
0213 8 8 2' 

which proves (3.40). 



Further we have 

that is, 

(3.43) 
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Do +Dl = L 
0<n<I/4 

x(n)=1 or i 

= L 1+ L 1, 
0<n<I/8 0<n<I/8 

x(n)= 1 or i xU/4-n)=1 or i 

0<n<I/8 
x(n)= 1 or i 

0<n<I/8 
x(n)=(-1)Iu-'I/'x(ff4-1)(1 or i) 

by (3.20) and (3.21). Then, from (3.43) and (3.28), we obtain 

1 , 

+ S (1 , 0) + S (1 , 1) + S (3 , 2) + S (3 , 3), if X (//4 - 1) = 1 , 
D +D = o 1 S(1,0)+S(I,I)+S(3,0)+S(3,1) 

13 

{ 

S(1 ,0)+S(I, 1)+S(3,0)+S(3, 1) 

+ S (1 , 2) + S (1 , 3) + S (3 , 0) + S (3 , 1) , if X (//4 - 1) = - 1 
== {S(3, 0) + S(3, 1) + S(3, 2) + S(3, 3) (mod2), if X (//4 - 1) = 1, 

S ( 1, 0) + S (1, 1) + S ( 1, 2) + S ( 1, 3) (mod 2), if X (//4 - 1) = -1, 

that is, 

(3.44) Do + Dl == S(1 ,0) + S(1 , 1) + S(1 ,2) + S(1 ,3) (mod2) 

in both cases, as 

Hence we have 

3 

LLS(r,s)= L 1= L 
r= 1 ,3 s=O 0<n<f/8 O<n<p 

(n J)=1 n=1 (mod2) 

p-l 
= -2- == 0 (mod 2) . 

3 

Do +Dl == LS(1 ,s) (mod2) 
s=O 

L (mod2) 
0<n<I/8 

n=1 (mod4) 
(nJ)=1 

O<n<p 
n=1 (mod4) 

(mod2) 

== p ~ 1 (mod 2) , 

completing the proof of (3.41). 
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Finally, by (3.13), (3.14), (3.19), (3.40) and (3.41), we have 
* 2 2 2h (K) = (Do - D2) + (DI - D3) 

= (2DO - !(p - 1))2 + (2DI - !(p - 1))2 
222 

= 4(DO + D 1 ) - 2(p - I)(DO + D 1) + (p - I) /2 
== 4(Do + D 1) (mod 8) 
== p - I (mod 8) 

proving (3.42). 

Lemma 6. If f = 4p, where p is an odd prime (necessarily p == I (mod 8) by 
(3.9)) then we have 

(3.45) 
(3.46) 

and 

(3.47) 

Do + D2 = DI + D3 = t(p - I), 

Do + DI == 0 (mod 2) , 

h*(K) == 0 (mod4). 
Proof. From Lemma 2 and (3.15) we obtain 

D +D =D +D = ¢(f) = ¢(4p) = ~(p-l) 
0213 8 84 ' 

which proves (3.45). Now let X4 be the character (mod4) such that 

(3.48) X4 ( 1 + pn) = x(l + pn) for all n 

and let X p be the character (mod p) such that 

(3.49) Xp (I+4n)=x(l+4n) foralln. 

Clearly we have 

( 3.50) 

As X4 is a nontrivial character (mod 4) we have 

(3.51 ) x 4 (n) = (_I)(n-I)/2, if n == I (mod2). 

Now, by (3.46), we have 

Do + DI i = ~((Do - D2) + (DI - D3)i) 

+ ~((Do + D2) + (DI + D3)i) 

= ~((Do-D2)+(DI -D3)i)+ P; 1(1 +i) 

== ~((Do - D2) + (D1 - D3)i) (mod(l + i)Z[iJ) 

I 
== '2 L x(n) (mod(1 + i)Z[i]) , 

O<n<p 
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that is, by (3.50) and (3.51), 

1 
(3.52) Do + D, == 2" L Xp(n) (mod(l + i)Z[iJ). 

Note also that 

O<n<p 
n=' (mod2) 

O<n<p 
n=3 (mod4) 

(3.53) (l + Xp(-I)) L Xp(n) = L Xp(n) = O. 
O<n<p O<n<p 

n='(mod2) 

Since X4 (-I)X p(-I) = X(-I) = -1, and since X4(-I) = -1, we have 

(3.54) Xp (-I) = 1. 

From (3.53) and (3.54) we deduce that 

(3.55) L Xp(n) = O. 
O<n<p 

n=' (mod2) 

Then, from (3.52) and (3.55), we deduce 

that is, 

(3.56) 

Do + D, == - L Xp(n) (mod(1 + i)Z[iJ) 
O<n<p 

n=3 (mod4) 

O<n<p 
n=3 (mod4) 

(mod( 1 + i)Z[iJ) 

1 
== 4(P - I) (mod(l + i)Z[iJ). 

Do + D, == 0 (mod( 1 + i)Z[iJ). 

The congruence (3.56) and the fact that (1 + i)Z[i] n Z = 2Z imply that 

(3.57) Do + D, == 0 (mod 2) . 

as required. 

Finally by (3.13), (3.14), (3.19), (3.45) and (3.46) we have 

h * 2 2 2 (K) = (Do - D2 ) + (D, - D3 ) 

= (2Do - i(p - 1))2 + (2D, - i(p - 1))2 
222 

= 4(Do + D, ) - (p - 1 )(Do + D,) + (p - I) /8 
== 4(Do + D,) (mod 8) 
== 0 (mod 8) . 

proving (3.47). 

15 
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Lemma 7. If f = pq, where p and q are distinct odd primes, then we have 

(3.58) 

(3.59) 

and 

( 3.60) 

Co + C2 == C I + C3 == 0 (mod4) , 

{ 0 (mod2) , if(p/q) = 1, 
C +C == o I 1 (mod2) , if(p/q) = -1 , 

* { 0 (mod4) , i/(p/q) = 1, 
h (K) == 2 (mod4) , if(p/q) = -1. 

Proof. We remark that by (3.10) and the law of quadratic reciprocity we have 
(p/q) = (q/ p). 

Appealing to (3.10) and (3.15), we obtain 

Co + C2 = C I + C3 = (p - l)(q - 1)/4 == 0 (mod4) , 

completing the proof of (3.58). 
We now begin the proof of (3.59). Let Xp (resp. Xq) be the unique character 

(modp) (resp. (modq)) such that 

Xp(1 + qn) = X(I + qn), for all n E Z, 
(resp. Xq(1 + pn) = X(I + pn), for all n E Z). 

We have 

(3.61 ) x(n) = Xp(n)xq(n) , for all n E Z. 

As 

Co + CJ = ~((Co - C2 ) + (CI - C3 )i) + ~((Co + C2 ) + (CI + C3 )i) 

= ~ (t, C/) + ~(P - I)(q - 1)(1 + i) 

= ~ L x(n) + ~(P - 1)(q - 1)(1 + i) 
0<n<fI2 

= ~ L Xp(n)xq(n) + ~(P - I)(q - 1)(1 + i), 
0<n<//2 

we have 

(3.62) Co + Cli == ~ L Xp(n)xq(n) (mod2(1 + i)Z[i]). 
0<I1<fI2 

Since X is odd, by (3.61), we have 

(3.63) X (-I)X (-I) = -1. p q 

Moreover, as X p ( -I) = ± I, Xq ( -I) = ± 1 , one of X p ( -1) and Xq ( -1) is + 1 
and the other is -I . We assume without loss of generality that 

(3.64) 
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The strategy of the proof of (3.59) is to show that 

(3.65) ~ L Xp(n)x~(n) == ~ (1 - (~)) (mod( 1 + i)Z[i]) 
0<11<.1/2 

and 

(3.66) "2 L Xp(n)xq(n) == ~ L Xp(n)x~(n) (mod(1 + i)Z[i]). 
0<11<//2 0<11<//2 

Then, from (3.62), (3.65) and (3.66), we obtain 

(3.67) Co + C I == Co + Cli == ~ (1 - (~)) (mod(1 + i)Z[i]) 

from which (3.59) follows. 
First we prove (3.65). We have 

giving 

(3.68) 

1" 2 1 1" "2 ~ Xp(n)xq(n) ="2 L Xp(n) - "2 ~ Xp(n). 
0<11<//2 0<n<//2 0<n<//2 

x;(n)= I x;(n)=-I 

0<n<//2 
x;(n)=-I 

17 

Since Ix p Ix~ is a real character, either half the elements of the set {n: 0 < n < 
J, (n,f)= I} satisfy x:(n)=-1 or none of them satisfy x:(n)=-l. This 
remark and the fact that IXpl and X: are even imply that 

1 1 
(3.69) L IXp(n)1 ="2 L IXp(n)1 = 4<P(f) or O. 

0<11</12 O<n< ( 
X,7(11)=-1 x;(n)=~ I 

and so we have 

(3.70) L Xp(n) == 0 (mod( 1 + i)Z[i]). 
0<n<//2 
x;(I1)=-1 

From (3.68) and (3.70), we obtain 

1" 2 1" "2 ~ Xp(n)xq(n) =="2 ~ Xp(n) (mod(1 + i)Z[i]) 
0<n</12 0<n<//2 

(l1,q)=1 

1 1 =="2 L Xp(n) -"2 L Xp(qn) (mod(1 + i)Z[i]). 
0<11<//2 0<n<p/2 

that is, 
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as 

(3.72) .L Xp(n) = O. 
p/2<n<f/2 

Since p is prime, (ZI pZ)* is cyclic, and so there is only one nontrivial 
quadratic character (mod p) . Thus, for all integers n, we have 

(3.73) (!::) = { x~(n). if Xp is real. 
p Xp(n). if Xp is nonreal. 

Suppose at first that Xp is real. By (3.73) and assumption (3.64) that Xp(-I) = 
-1, we have (-lip) = -1, and so p == 3 (mod4). Hence we have 

I 
(3.74) .L Xp(n) == .L IXp(n)1 == 2.(p - I) == I (mod(1 + i)Z[i]). 

0<n<p/2 0<n<p/2 
From (3.71) and (3.74) we obtain 

4 .L Xp(n)x:(n) == 4 (I - (~)) (mod(1 + i)Z[i]). 
0<n<f/2 

This congruence and the fact that (plq) = (qlp) establish (3.65) when Xp is 
real. 

Now suppose that Xp is nonreal. By (3.73) we have 
2 2 

(-lip) = Xp(-I) = Xp((-I) ) = Xp(l) = I. 

so that p == I (mod4). Since Xp(-I) = -I (by (3.64)) and Xp is a quartic 
character, -I cannot be congruent (mod p) to a fourth power. Thus we have 
(_I)(P-I)/4 =t= (modp), (_I)(P-I)/4 == -I (modp), and so p == 5 (mod8). 
Let Ej (j = O. I .2.3) denote the number of integers n such that 0 < n < pl2 

and Xp(n) = ij . Then we have 

(Eo + E2) - (E I + E3) = .L x~(n) 
0<n<p/2 

I '" 2 2 = 2. ~ X p ( n ) (as X p ( - I) = I) 
O<n<p 

= 0 (as x~ is nontrivial) 

and so, as Eo + EI + E2 + E3 = ~(p - I) , we have 

(3.75) Eo + E2 = E) + E3 = *(p - I). 

As P == 5 (mod 8), from (3.75), we deduce 

(3.76) 

and so 

(3.77) .L Xp(n) == 1+ i (mod 2Z[i]). 
0<11</1/2 
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By (3.73) we have 

(3.78) 

and so 

(3.79) 

{ ±1. 
Xp(q) = ±i. 

if (q/ p) = 1 . 
if(q/p)=-I, 

1 . { 0 (mod( 1 + i)Z[i]) , 
2(1 - Xp(q))(1 + 1) == 1 (mod(1 + i)Z[i] , 

From (3.71), (3.77) and (3.79), we obtain 

if (q/ p) = I, 
if (q / p) = -1. 

~ L Xp(n)x:(n) == ~ (I - (~)) (mod(l + i)Z[i]). 
0<11</12 

19 

This congruence and the fact that (p/q) = (q/ p) establish (3.65) when Xp IS 

nonreal. This completes the proof of (3.65). 
Now we prove (3.66). We first observe that 

1 '" 2 2 ~ Xp(n)(xq(n) + xq(n)) 
0<11</12 

so that 

(3.80) 

1 3 J 

= 2 L L Xp(n)(x;(n) + xq(n)) 
}=00<11</12 

Xq(I1)=i' 

= L Xp(n) + (-1/ i) L Xp(n) + (-12- i) L Xp(n), 
0<I1<fI2 0<11<//2 0<n<//2 
Xq(I1)=1 Xq(I1)=i Xq(n)=-i 

-2
1 

'" 2 ~ xq(n)(xq(n) + xq(n)) 
0<11<.f/2 

= L Xp(n) + i L Xp(n) - (I ~ i) L Xp(n). 
0<11</12 
Xq(I1)=1 

0<11</12 
Xq(I1)=i 

0<n<//2 
x;(n}=-I 

We next show that 

(3.81 ) 

We have 

(3.82) 

L Xp(n) == 0 (mod( 1 + i)Z[i]). 
0<11</12 
Xq(I1)=1 

0<11<.f/2 
Xq(I1)=1 

0<11<f/2 
Xq(I1)=1 

1 
== 2 L IXp(n)1 (mod(l + i)Z[i)) 

O<n</ 
x<,(I1)=1 
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as Xq (-1) = Ix p (-1) I = 1. Since Ix p IXq is a nontrivial quartic or quadratic 
character, either a half or a quarter of the elements in the set {niO < n < / , 
(n ,f) = I} satisfy Xq (n) = 1 , depending on whether or not Xq is real. This 
remark and (3.82) imply that 

L n = { i(p - 1)(q - 1) (mod(1 + i)Z[i]) , if Xq real, 
(3.83) o<n<J//p ( ) - i(p - 1)(q - 1) (mod(1 + i)Z[i]) , if Xq nonreal, 

Xq(n)=1 
== 0 (mod( 1 + i)Z[i]) , 

proving (3.81). A similar argument shows that 

(3.84) L Xp(n)==O (mod(l+i)Z[i]). 
0<n<J/2 
Xq(n)=i 

Using (3.81) and (3.84) in (3.80), we obtain 
(3.85) 

1 " 2 _ (1 + i) '2 ~ Xp(n)(xq(n) + xq(n)) = --2- Xp(n) (mod(1 + i)Z[i]). 
0<n<J/2 0<n<J/2 

x~(n)=-I 

Our next goal is to show that 
(3.86) 

0<n<J/2 
x~(n)=-I 

For all integers j and k, we let Ejk denote the number of integers n such 
. 2 k 

that 0 < n < /12, Xp(n) = i J and xq(n) = (-1) . Then we have 

so that 

L Xp(n) = EOI - E21 + iEII - iE31 ' 
0<n<J/2 
x;(n)=-I 

(3.87) L Xp(n) == EOI + E21 + i(EII + E 31 ) (mod2Z[i]). 
0<n<J/2 
x;(n)=-I 

The map n --t (x;(n) ,x:(n)) is a homomorphism from (ZlpqZ)* to {±1} x 
{± 1 }. Thus the number of elements which map to a point in the range 9l is 

(p - 1)(q - 1)/card(9l). 
Note that 

2 2 
EOI + E21 = card{nlO < n < /12, Xp(n) = 1, xq(n) = -I} 

122 = 2'card{nIO < n < /, Xp(n) = 1, xq(n) = -I} 

{ 
0, if i is trivial, 

= (p - 1)(q - 1)/4, if X: is nontrivial and x; is trivial, 

(p - 1)(q - 1)/8, if x: and X; are both nontrivial, 
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so that 

(3.88) EOl + E21 = 0 (mod 2) . 

Similarly we can show that 

(3.89) Ell + E31 = 0 (mod 2). 

Assertion (3.86) now follows from (3.87), (3.88) and (3.89). Then, from (3.85) 
and (3.86), we obtain (3.66). This completes the proof of (3.59). 

Finally we prove (3.60). By (3.13) and (3.14) we have (as 1= pq is odd) 
* 2 2 2h (K) = (Co - C2) + (CI - C3) (mod 8). 

Appealing to (3.58) and (3.59), we obtain 
* 2 2 2h (K) = 4(Co + C I ) (mod 8) 

= 4(Co + C I ) (mod 8) 
= { 0 (mod 8) , if (p/q) = 1, 

4 (mod 8) , if (p/q) = -1, 
completing the proof of (3.60). 

Lemma 8. II I has at least three prime lactors then 

(3.90) { Co + C2 = C I + C3 = 0 (mod 4) , ~ I odd, 
Do + D2 = DI + D3 = ¢(f)/8, il I even, 

(3.91 ) { Co + C I = 0 (mod 2) , If I odd, 
Do + DI = 0 (mod2) , if I even, 

and 

(3.92) h*(K) = 0 (mod 4). 
Proof. We consider two cases according as I is odd or even. 

(a) I odd. First we note that (3.90) in this case follows at once from (3.11) 
and (3.15). Next we prove (3.91). Since X is an odd character there must be a 
prime factor q of I such that Xq(-I) = -I. Define II = I/q. By (3.5) we 
have (II ,q) = 1 and so X = X X{ . Working modulo (I + i)Z[i] we have q . I 

Co + CI = Co + CI i 

= ~(Co - C2 + (CI - C3)i) + ~((Co + C2) + (CI + C3)i) 

=~ L x(n)+¢~)(I+i), 
0<n<J/2 

that is, 

(3.93) 
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Since X = XqX I, and both X and Xq are odd, we have X I, ( -1) = 1 so that 
X I, is even. Therefore X:X I, is an even character and we have 

~ 2 1 ~ 2 (3.94) ~ xq(n)XI, (n) =:2 ~ xq(n)XI, (n) = O. 
O<n<fl2 O<n<1 

From (3.93) and (3.94), we obtain 
1 ~ 2 (3.95) CO +C1 ==:2 ~ (xq(n)+xq(n))XI,(n) 

O<n<I/2 
(mod( 1 + i)Z[i]). 

As in the proof of Lemma 7, we have 
1 ~ 2 :2 ~ (xq(n) + xq(n))XI, (n) 

O<n<I/2 
(3.96) 

= L XI,(n) + i L XI,(n) - ~(1 + i) L XI,(n) 

and 
(3.97) 

so that 

(3.98) 

O<n<I/2 O<n<I/2 O<n<I/2 
Xq(n)= I Xq(n)=i x;(n)=-I 

L XI,(n) == 0 (mod2Z[i]), 
O<n<I/2 
x;(n)=-I 

L XI,(n) (mod(l+i)Z[i]). 
O<n<I/2 

Xq(n)= I or i 

Since X I, (n) is a fourth root of unity whenever (n, f) = 1, 

XI, (n) == 1 (mod(1 + i)Z[i]) , 

whenever (n, f) = 1 . Hence we have 

(3.99) Co + C1 == Go + G1 (mod(l + i)Z[i]) , 
where Gj denotes the number of integers n such that 0 < n < 1/2, (n, I) = 1 
and xq(n) = i j . 

We want to show that 

(3.100) 

First we observe that 

(3.101) 
O<n<I/2 
(n./)=I 

Let q = ql ,q2 ' ... ,q( denote the prime factors of I. By assumption we know 
that t 2: 3. By the inclusion-exclusion principle we have 

(3.102) L xq(n) = (1 - Xq(q2))(1 - Xq(q3))'" (1 - Xq(q()) L xq(n). 
O<n<I/2 O<n<q/2 
(n ./)=1 
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Since Xq(q2)"'" Xq(q,) are fourth roots of 1 and since t 2: 3, we have 
(1 - Xq(q2))'" (1 - Xq(q,)) E 2Z[i]. Furthermore, we have 

1 
(3.103) L xq(n) == "2(q - 1) (mod(1 + i)Z[i]). 

O<n<q/2 
Hence, when q == 1 (mod 4) , we have 

(3.104) (I-Xq(q2))"'(1-Xq(q,)) L xq(n)==O (mod2(1+i)Z[i]). 
O<n<q/2 

When q == 3 (mod 4) ,Xq must be a quadratic character since every quadratic 
residue is congruent to a fourth power mod q. Therefore, when q == 3 
(mod 4) , we have 

1 - Xq(q) == 0 (mod 2), j = 2, ... ,t , 

so 
(1 - Xq(q2))'" (1 - Xq(q,)) == 0 (mod 4) , 

and thus in this case as well (3.104) holds. From (3.101), (3.102) and (3.104), 
we obtain 

(3.105) 
(3.106) 

Go - G2 == G1 - G3 == 0 (mod 2) , 
1(Go - G2 ) == 1(G1 - G3 ) (mod 2) . 

From (3.105) and (3.106) we see that 

(3.107) Go - G2 == G1 - G3 == 0 or 2 (mod 4). 

Since x: ( -1) = 1 we have 

(3.108) 
,,2 1 
~ xq(n) = "2 

O<n<J/2 
(n,f)=1 

Furthermore, we have 

" /(n) = 0 or ¢(f) 
~ q 2 . 

O<n<J 
(n,f)=1 

(3.109) L x:(n) = (Go + G2 ) - (G1 + G3 )· 

O<n<J/2 
(n ,f)=1 

From (3.108) and (3.109) we see that either 

(3.110)(i) Go + G2 = G1 + G3 = ¢(f)/4 
or 

(3.11O)(ii) Go + G2 = ¢(f)/2, G1 + G3 = O. 

As ¢(f) == 0 (mod 16) we deduce from (3.110) that 

(3.111) GO +G2 ==G1 +G3 ==0 (mod 4). 

Adding (3.107) and (3.111), we obtain 

(3.112) Go == G1 == (Go - G2)/2 (mod 2). 
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Congruences (3.107) and (3.112) imply that 

(3.113) Go == GI == G2 == G3 (mod 2), 
and, from (3.99) and (3.113), we have 

Co + C I == 0 (mod( I + i)Z[i]). 
Since (1 + i)Z[ i] n Z = 2Z, Co + CI is even, completing the proof of (3.91) in 
this case. 

Finally we prove (3.92) in this case. By (3.13), (3.14), (3.90) and (3.91), we 
have 

h* 2 2 2 (K) == (Co - C2) + (CI - C3 ) (mod 8) 
2 2 == 4(Co + C I ) (mod 8) 

== 4(Co + C I ) (mod 8) 
== 0 (mod 8), 

completing the proof of (3.92) for f odd. 
(b) f even. First we prove (3.90) in this case. By (3.11), (3.15) and Lemma 

2 we have 
Do + D2 = DI + D3 = ¢(f)/8 == 0 (mod 2). 

Next we prove (3.91). In order to do this we let tj(F) denote the number of 
elements in the set 

{n: 1 $ n < F, (n, F) = 1, n == j (mod4)}, 
where F denotes an odd number greater than I. We begin by proving 

{ t3(F) (mod 2) , if f == 4 (mod 8). 
(3.114) D +D == 

o I t_F(F) (mod 2) , if f == 0 (mod 8) , 
where F is the largest odd factor of f. Note that by our assumptions on f 
we have F> I. We begin with the case f = 4F. We have X = X4XF ' where 
X4 and XF are the characters (mod4) and (modF) respectively defined by 

(3.115) { X4(1 + Fn) = X(I + Fn), for all n, 
XF(I + 4n) = X(I + 4n), for all n. 

As X4 is a nontrivial character (mod4) we have 

(3.116) x4 (n) = (_I)(n-I)/2 when n == 1 (mod 2). 

Note that 

(3.117) 

and that 
(3.118) 

O<n<F 
n=1 (mod 2) 

O<n<F 
n=3(mod4) 

(I+XF(-I)) L XF(n)= L xF(n)=O. 
O<n<F O<n<F 
n odd 
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Since 

(3.119) X F ( -1) = X ( -1) / X4 ( -1) = -1/ - 1 = 1 . 

we see, from (3.118) and (3.119), that 

(3.120) I: xF(n) = O. 
O<n<F 
n odd 

and so, from (3.117) and (3.120), we have 

(3.121) ~(DO - D2 + i(DI - D3)) = - I: xF(n). 

Further, as 

O<n<F n=3 (mod 4) 

(3.122) ~(Do + D2 + i(DI + D3)) = 4>i~) (1 + i) = 0 (mod(l + i)Z[i]). 

we obtain by adding (3.121) and (3.122) 

(3.123) Do + DI = Do + iDI = - I: xF(n) (mod( 1 + i)Z[i]) . 
O<n<F n=3 (mod 4) 

Since 

(3.124) t3(F) = I: 1=- I: xF(n) (mod( 1 + i)Z[i]) 
O<n<F O<n<F n=3(mod4) n=3 (mod 4) 
(n.F)=1 

we deduce that 
Do + DI = t3(F) (mod( 1 + i)Z[i]). 

25 

This congruence and the fact that (1 +i)Z[i]nZ = 2Z imply that (3.114) holds 
in this case. 

Next we treat the case f = 8F . We have X = XgXF ' where Xg and XF are 
the characters (mod 8) and (mod F) respectively defined by 

(3.125) { Xg(1 + Fn) = X(l + Fn). for all n. 
xF(1+8n)=x(1+8n). foralln. 

As Xg is primitive, we have Xg(5) = Xg( -3) = -1 . Hence we have 

{ Xg(n). if n = F (mod 4) . 
(3.126) Xg(2F - n) = . _ 

- Xg(n). If n = -F (mod 4) . 
Note also that 

(3.127) 

Putting (3.126) and (3.127) together, we deduce 

(3.128) X(2F _ n) = { XF(-l)x(n). if n = F (mod 4) . 
- XF(-l)x(n). if n = -F (mod 4). 



26 KENNETH HARDY, R. H. HUDSON, DAVID RICHMAN AND K. S. WILLIAMS 

Using (3.128) we obtain 
1 1 2 L x(n) = 2 L (x(n) + X(2F - n)) 

O<n<J/4 O<n<F 
1 

= 2(1 + XF(-I)) L x(n) 

that is, 

O<n<F n=F(mod4) 

O<n<F n=-F (mod 4) 

x(n) , 

1 1 
(3.129) 2 L x(n) = 2(1 + XF(-I)) L x(n) - XF(-I) L x(n). 

O<n<J/4 O<n<F O<n<F n=-F(mod4) 

Since XF (-I) = 1 or -1, ~(1 + XF (-I)) is an integer. Also we have 

L x(n) == L Ix(n)1 == L 1 = cP~) == 0 (mod(1 + i)Z[i]). 
O<n<F O<n<F O<n<F 

(n ,f)=1 

Hence we have 

that is, 

(3.130) 

21 " " L..J x(n) == -XF(-I) L..J x(n) (mod(1 + i)Z[i]) 
O<n<J/4 O<n<F n=-F(mod4) 

O<n<F n=-F (mod 4) 

Ix(n)1 (mod(1 + i)Z[i]) , 

1 
2 L x(n) == t_F(F) (mod(1 + i)Z[i]). 

O<n<J/4 

Now, modulo (1 + i)Z[i] , we have 

Do + DI == Do + DI i 

== ~((Do - D2) + (DI - D3)i) + ~((Do + D2) + (DI + D3)i) 

==~ L x(n)+ cPi{)(I+i), 
O<n<J/4 

that is, as cPU) == 0 (mod 16) , 
1 

(3.131) Do+DI ==2 L x(n) (mod(l+i)Z[i]). 
O<n<J/4 

From (3.130) and (3.131) we obtain (3.114). 
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Suppose now that f = 16F. We have X = XI6XF ' where XI6 and XF are 
the characters (mod 16) and (modF) respectively defined by 

(3.132) 
X16 (1 + Fn) = x(1 + Fn), for all n, 

XF(I + 16n) = x(1 + 16n), for all n. 

Note that 

(3.133) (4F _ ) _ { XI6(3)XI6(n) , if n == F (mod 4) , 
XI6 n - -I 

if n == -F (mod 4) , XI6(3) x I6 (n), 

and that 

(3.134) XF (4F - n) = XF(-I)XF(n) , for all n. 

Putting (3.133) and (3.134) together, we obtain 

(3.135) { 
XF(-I)XI6(3)x(n) , 

X(4F - n) = -I 
XF( -1)X I6 (3) x(n), if n == -F (mod 4) . 

if n == F (mod4) , 

Hence we have 

(3.136) 

I I 2 L x(n) = 2 L (x(n) + X(4F - n)) 
O<n<4F O<n<2F 

L x(n) 
O<n<2F 

n=.F (mod4) 

L x(n). 
O<n<2F 

n=.-F(mod4) 

Since XI6 is a primitive character (mod 16) ,XI6 (9) = -I, XI6(3) = ±i, and 
thus 

(3.137) 

From (3.136) and (3.137) we obtain 

I I 2 L x(n) = 2(1 + XF(-I)X I6 (3)) L x(n) 
O<n<4F O<n<2F 

(3.138) 

Next observe that 

(3.139) 

L x(n). 
O<n<2F 

n=.-F(mod4) 
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From (3.139) we see that 

(3.140) X (2F _ n) == { X'6(n) (mod2Z[i]) , 
'6 iX'6(n) (mod2Z[i]) , 

Hence we have 

L x(n) = L (x(n) + X(2F - n)) 
O<n<2F O<n<F 

== (1 + XF (-I)) L x(n) 
O<n<F 

n=F (mod4) 

ifn==F(mod4), 
if n == -F (mod 4) . 

L x(n) (mod2Z[i]), 

that is, 

(3.141) 

Also we have 
(3.142) 

L x(n)==(I+i) 
O<n<2F 

O<n<F 
n=-F(mod4) 

O<n<F 
n=-F(mod4) 

x(n) (mod2Z[i]). 

L x(n) == (1 + iXF(-I)) x(n) == 0 (mod(1 + i)Z[i]). 
O<n<2F 

n=-F (mod 4) 
O<n<F 

n=-F (mod 4) 

From (3.138), (3.141) and (3.142), we obtain modulo (1 + i)Z[i] , 

~ L x(n) == ~(1 + XF(-I)X'6(3))(1 + i) L x(n) 
O<n<4F O<n<F 

that is, 

(3.143) 

n=-F (mod 4) 

L x(n) (as x'6(3) = ±i) , 
O<n<F 

n=-F(mod4) 

1 "2 L x(n) == t_F(F). 
O<n<4F 

From (3.143), as in the case J = 8F, we obtain 

Do + D, == t_F(F) (mod(1 + i)Z[i]) , 

from which (3.114) follows in this case. This completes the proof of (3.114). 
Next we examine the value of tj(F) , j = 0, 1 ,2,3, where F is an odd 

squarefree integer> 1. If F = P (an odd prime) it is easy to show that 

{ 
to(p) = t,(p) = t2(p) = t3(P) = i(p - 1), if p == 1 (mod 4) , 

(3.144) to(p) = i(p - 3), t,(p) = i(p + 1), 
t2(p) = i(p + 1), t3(P) = i(p - 3), if p == 3 (mod 4) . 



IMAGINARY CYCLIC QUARTIC FIELDS 29 

If F = pq , where p and q are distinct odd primes, it is also easy to show that 
(3.145) 

{ 
to(pq) = tl(pq) = t2(pq) = t3(pq) = i(p - l)(q - I), if p or q == 1 (mod4), 
to(pq) = tl (pq) = i(p - 1)(q - 1) + 1 , 

t 2(pq) = t3(pq) = i(p - 1)(q - 1) - 1 , if p == q == 3 (mod 4) . 

Equation (3.145) shows that 

tj(F) == ° (mod 2) , j=O,I,2,3, 

when F is a product of two distinct odd primes. 
Suppose now that F has more than two prime factors. We will prove that 

(3.146) tj(F) == ° (mod 2) , j=O,1,2,3, 

by induction on the number of prime factors of F . Let p be a prime factor of 
F and write F = pFI ' where FI has at least two distinct odd prime factors. 
We have 

that is, 

(3.147) 

tj(F) = L 1 = L 1 - L 
O<n<F O<n<F O<n<F 
(n ,F)=I (n,Fd=1 (n,Fd=1 

n=j (mod4) n=j (mod 4) n=O(modp) 
n=j(mod4) 

p-I (k+I)Fl 

=L L 1 - L 
k=O n=kF1+1 O<m<Fl 

(n ,Fd=1 (m,F1)=1 
n=j(mod4) pm=j (mod 4) 

p-I Fl 

=L L 1 - L 1 , 
k=O 1=1 O<m<Fl 

(/ ,Fd=1 (m,Fd=1 
l=j-kFI (mod4) m=jp(mod4) 

p-I 

L 
k=O 

k=jF1 (mod4) 

p-I 

+ t2(F1) L 

p-I 

L 
k=O 

k=jF1-FI (mod 4) 

p-I 

1 + t3(FI ) L 
k=O 

k=jFI-3F1 (mod 4) 

from which (3.146) follows by induction. 
Next, from (3.114) and (3.146), we obtain Do + DI == ° (mod 2) , if f is 

even, completing the proof of (3.91). 
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Finally we prove (3.92) when f is even. From (3.11), (3.13), (3.14), (3.90) 
and (3.91), we obtain 

* 2 2 2h (K) = (Do - D2) + (D[ - D3) 

= ( 2Do _ ¢~)) 2 + (2D[ _ ¢~)) 2 

= 4(D2 + D2) _ ¢(f) (D + D ) + (¢(f))2 
o [ 2 0 [ 32 

:= 4(Do + D[) (mod 8) 
:= 0 (mod 8), 

completing the proof of (3.92) for f even. 
The proof of Proposition 1 now follows from Lemmas 4, 5, 6, 7, 8 and the 

fact that h*(K):= 1 (mod2) if f has only one prime factor [14]. 

4. PROOF OF PROPOSITION 2 

The proof of Proposition 2 depends upon a number of lemmas. 

Lemma 9 (Landau [11, pp. 27-28]). For any real number s> 1 we have 

(4.1 ) 1 1 
s - 1 < '(s) < 1 + s - 1 

and 

( 4.2) (,(s) 1 - > -(s - 1) - --. 
'(s) s - 1 

Lemma 10 (see for example [1, pp. 55-56]). For any positive integer N, we 
have 

(4.3) 
I

N 1 I 1 ~ Ii - log N - Y ~ N ' 

where 
y = 0.5772156649 ... 

is Euler's constant. 

Lemma 11 (Polya-Landau inequality [13, 9]; see also [1, pp. 299-300]). Let A 
be a nonprincipal character mod k of conductor m. Then, for any positive 
integer n, we have 
(4.4) 

I~A(r)1 ~ d(k/m) f: (IOgm + 2 log log m + ::m + 2y + Jf:::: 1) , 
where d(l) denotes the number of positive integers dividing the positive integer 
l. 
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Lemma 12 (Tatuzawa [15, Lemma 5], Uchida [17, Lemma 2(i)]). Let A. be a 
nonprincipal character (mod k). Suppose that N is an integer such that 

(4.5) 

for all positive integers n. Then we have 

(4.6) 
N 

IL(s ,A.)I ~ l::l L ~, a n n=) 

for s = a + it, a > O. 

Lemma 13 (Landau [10, 11]). Suppose that r> 0 and So > 1, and let f(z) be 
analytic in the disk Iz - sol ~ r. Assume that f(so) =1= 0, and for some positive 
constant M 

(4.7)(i) 

Assume also that there is a constant E such that 

(4.7)(ii) E > 2 on 0 < So - 1 ~ r / E . 

Let sand r) be real numbers such that 

(4.8) f(s) =1= 0 and r/ E < r) ~ r/2; 

then 

(4.9) 9t (f'(S)) ~ L9t (_1_) + 2E(r)E + r) M, 
f(s) p s-P (r)E-r)2 

where p runs through all the zeros of f(z) (counted according to multiplicity) 
such that Ip - sol ~ r) . 
Proof. Set 

(4.10) g(z) = f(z)/ II (z - p) , 
p 

where p runs through all the zeros of f(z) (counted according to multiplicity) 
in Iz - sol ~ r). Then g(z) is analytic in Iz - sol ~ r and has no zeros in 
Iz - sol ~ r) . For Iz - sol = r we have (as r) ~ r/2) 

I g(z) I I f(z) I II Iso - pi I f(z) I II r) 
g(so) = f(so) p Iz - pi ~ f(so) p r - r) 

< I f(z) I II 1 = I f(z) I < eM. 
- f(so) p f(so)-

Then, by the Maximum Modulus Principle, we have 
M (4.11) Ig(z)/g(so)l~e , forlz-sol~r). 
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Now there exists an analytic function h(z) in Iz - sol::;'( such that 

(4.12) i(z) = g(z)/ g(so) , h(so) = 0, 9l(h(z)) ::; M 

Set 

(4.13) ¢(z) = h(z)/(2M - h(z)), for Iz - sol::;'(, 

The function ¢(z) is analytic in Iz - sol::;'( and such that ¢(so) = O. Now 
let 

(4.14 ) u = 9l(h) , v=Im(h), 

so 

( 4.15) u + iv 
¢(z) = (2M ) . , - U -lV 

u::;M, 

giving 
2 2 

2 U +v 
1¢(z)1 = 2 2 ::; 1, 

(2M - u) + v 

as (2M - U)2 - u2 = 4M(M - u) ~ O. Hence we have 

( 4.16) 1¢(z)l::; 1, for Iz - sol::; '( . 

By Schwarz's lemma [18, p. 189], we have 
1 So - 1 1, 

(4.17) 1¢(s)l::; -Is -sol::; --::; -- < 1. 
'( '( E,( 

Thus we have 

Ih(s)1 = 1 2M¢(S) I < 2MI¢(s)1 
1 + ¢(s) - 1 -1¢(s)1 

< 2M. ~~ . 1 = 2M ,/,( 
- E,( 1-(I/E)(,/,() E-(,/,() , 

and so for Iz - sol::;'( we have 

Now set 

9l(h(z) - h(s)) = 9l(h(z)) - 9l(h(s)) ::; 9l(h(z)) + Ih(s)1 

< M + 2M ' / '( = (E + , / '( ) M. 
- E - ,/,( E - ,/,( 

(h(z) - h(s)) 
(4.18) 'I'(z) = 2((E + ,/,()/(E _ ,/,())M _ (h(z) _ h(s)) , for Iz - sol::;'(, 

'II(z) is analytic in Iz - sol::;'( and 

( 4.19) 1'I'(z)l::; 1, 'I'(s) = O. 

Hence we have 

( 4.20) 1'I'(z)l::; 1, for Iz - sl ::; '( - e. 
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By Schwarz's lemma [18, p. 189] we obtain 

o/s _I h'(s) 1<_1_< 1 
(4.21) 1 ()I- 2((E + r/rl)/(E - r/rl))M - rl - e - rl - r/E ' 

so that 

(4.22) 

Now 

( 4.23) h' (s) = g' (s) = f' (s) _ '" _1_ , 
g(s) f(s) 7 s - p 

so 
~ (!'(S) _ 2:_1_) < I!'(S) _ 2:-1-1 < 2E(rIE+r) M 

f(s) p s - p - f(s) p s - p - (riE _ r)2 ' 

giving 

( 4.24) ~ (f'(S)) $ 2:9l (_1_) + 2E(rIE + r) M. 
f(s) p s-P (r IE-r)2 

This completes the proof of Lemma 13. 

Lemma 14 [12, Lemma 1]. Suppose that 
n 

(4.25) Lamcosm¢ ~ 0 
m=O 

for all real ¢. Then we have 

(4.26) a L'(a,Ao) +~ ta 9l(L'(a,Am) +L'(a,Xm)) <0, 
o L(a ,Ao) 2 m=1 m L(a ,Am) L(a ,Am) -

for a> 1 and any character A. (Ao denotes the principal character.) 

Lelrtma 15 [6, pp. 146-150; 12, Lemma 2]. Let A be a nonprincipal character 
(modk) and let y = 0 or 1 according as A is even or odd. Thenfor a ~ 1/2 

9l(L'(S,A)) +~(L'(S'X)) 
L(s ,A) L(s ,A) 

>IOgn_IOgk_9lr'(!(s+y)) +9l2:(_I_+ 1 ) 
- n!(s+y)) p s-P s-l+p , 

(4.27) 

where s = a + it and in the last sum p = p + iy runs through all the zeros of 
L(s ,A) in the strip 0 < P < 1 . 

From this point on in this section we will make use of A, B , C , D , a , b , c 
as defined in (1.2)-( 1.8). We assume that the conductor f satisfies (1.1) and 
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we set 

( 4.28) 

(4.29) 

1 
so= 1+-1 f' a og 

1 
Sl = 1 + b logf ' 

So that 

(4.30) 

We also note that 

(4.31 ) 

and 

( 4.32) 

x 
s= 1+-1 f' a og 

1 ~ s ~ So < Sl . 

O~x~l, 

So> 1. 

logf 2: logA 

( IOgIOgA) 
loglogf ~ log A log! 

Inequalities (4.31) and (4.32) will be used on many occasions without comment. 
Set LI (s) = L(s ,X)L(s ,i), L 2(s) = L(s ,/) . 

Lemma 16. log ((so) + log L I (so) + log L 2(so) 2: O. 
Proof. As So > 1 we have 

(4.33) ( 1) 00 1 
log ((so) = - Llog 1 - so = LL----nso 

p p P n=1 np 

and, for j = 1 , 2 , 3 , 

(4.34) 10gL(s ,Xi) = _ "log (1 _ Xi(P)) ="~ X(p)ni , o ~ pso ~~ npnso 
P P n=1 

where X is the character defined in §2 and p runs through all primes. Adding 
(4.33) and (4.34) we obtain 

3 

log ((so) + log LI (so) + log L 2(so) = log ((so) + L 10gL(so ,Xi) 
i=1 

= ,,~ (1 + X(p)n + X(p)2n + X(p)3n) > 0 
~~ npnso -

p n=1 

as 1 + X(p)n + X(p)2n + X(p)3n = 0 or 4. 

Lemma 17 [17, Equation (3)]. 

1 !.SO L'I (s) 
-logL I(I) <loga+loglogf+ alogf+logL2(so)+ I LI(s)ds. 

Proof. We have 

( 4.35) 
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By Lemma 16, we have 

(4.36) 

so that 
to L; (s) 

(4.37) -logL 1(1) ~ log ((so) +logL2(so) + 11 L1(s) ds. 

Now, by Lemma 9 and (4.28), we have 

( 4.38) 

Hence we have 
log ((so) < 10g(1 +alogf) 

= log (a log f ( 1 + a l~g f ) ) 
= log a + log log f + log ( 1 + a l~g f ) 

1 < loga + loglogf + -1 f' a og 
This completes the proof of Lemma 17. 

Lemma 18. For any positive integer n, we have 

(4.39) l~x(r)1 < [BJ!logf] , 

where B is defined in (1.3). 

35 

Proof. By Lemma 11, as X is a primitive non principal character mod f , we 
have 

1 + Itx(r)1 ~ 1 + yY2f (IOgf + 210g10gf + JillOgf + 2y + ~) 
r= 1 n flog f - 1 v f 

3yYlogf yYlogf 11ogiogA Irfl f < + + - V J og - 2JAlogA 2n n 10gA 

3 yYlogf Y J!logf 
+ n log A - I/JA + n log A 

=BJ!logf, 
so 

l~x(r)1 ~ BJ!logf - 1 < [BJ!logf] , 

as asserted. 

Lemma 19 [17, Lemma 2(ii)]. For z a complex number satisfying 

( 4.40) 
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we have 

(4.41 ) 

Proof. By Lemmas 12 and 18, we have 

Izl N 1 
(4.42) IL(z. x)1 ::; - '" -a . a ~n I 

I n=1 

where z = a l + it l • a l > 0, and N = [BJ7'logf]. Now for Iz - sol::; c an 
easy calculation shows that 

(4.43) 

Further we have 
N 1 N 1 N 1 
"'- < "'- -1 + "'-~ nGI - ~ I-c - ~ I-c 
n=1 n=1 n n=2 n 

! N dx N C 1 N C 

<1+ --=1+---<-
- I x l - c C C c' 

that is, 

(4.44) 

Hence, for Iz - sol::; c , we have 

as required. 

IL(z. x)1 < hBc f c/2(logf/ . 
c 1 - c2 

Lemma 20 [17, Lemma 3(i)]. Let p be a zero of L(z . x). For 1 ::; s < Sl we 
have 

( 4.45) 

Proof. Set p = a + it. As P is a zero of L(z. X) we have a < 1. We have 

~ (_1 ) = ~ ( 1 ) = ~ ( (s - a) + it ) 
s - p (s - a) - it (s _ a)2 + t2 • 

that is, 

( 4.46) ( 1) s-a 
~ s - p = (s - a)2 + (2' 

Now set 

(4.4 7) X-~ -- - I >0 ( 1) s -a 
- Sl - P - (Sl - a)2 + t 2 . 
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Then we obtain 

s-a 

that is, 

( 4.48) 

Now clearly we have 

so 

giving 

( 4.49) 1 - (s, - a)X 2: O. 

Multiplying (4.49) by (s, - s) > 0, we obtain 

(s - s,)(s, - a)X + (s, - s) 2: 0, 

giving 

and so 
2 (4.50) 2(s-s,)(s-a)X-(s-s,) X+(s,-a)2:(s-s,)(s-a)X+(s-a). 

Now s - a > 0 and 

so we have 

(4.51 ) (s - s,)(s - a)X + (s - a) > O. 

Thus we have, from (4.50) and (4.51), 

(4.52) 1 > 1 
(s-s,)(s-a)X+(s-a) - 2(s-s,)(s-a)X-(s-s,)2X +(s,-a) 

and so by (4.48) and (4.52) we obtain 

9l (_1_) < (s - a)X = X 
s-p - (s-sl)(s-a)X+(s-a) (s-s,)X+ 1 

as required. 

Lemma 21 [17, Lemma 3(ii)]. Assume that 
M (4.53) ILI(z)/L,(so)l~e , whereM> 0, 

37 
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for I z - So I ::; c. Then, we have 

( 4.54) L'I (s) < L ~ (_1_) + 4a(logA)(ac log A + 2) M 
L1(s) - p s - P (aclogA _ 2)2 ' 

where P runs through all the zeros of LI (z) (counted according to multiplicity) 
in Ip - sol::; c/2. 
Proof. In Lemma 13 we take 

( 4.55) r = c, r l = c/2, E = aclogA. 

It is easily verified that the hypotheses of Lemma 13 are satisfied and assertion 
(4.54) of Lemma 21 follows as L'I (s)/ LI (s) is real. 

Lemma 22. If h*(K) == 2 (mod 4) then we have 

L ( 1 log log A y 1 log V) I s < -+ +--+ +-- 0 I 2( 0)1 2 log A log A (VvA'logA _ I)logA log A gf, 

where 

V = _1_ + V2loglogA + 3 + _y_ + 2 . 
nV2 nlogA 2n((I/V8)log(A/8) - I/vA') nlogA vA'logA 

Proof. For x ~ 5 set 

(4.56) M() .jX log x .jXloglogx 3x logx Y r;; 1 x = + + +-yx+-. 2n n n(.jXlogx - 1) n 2 

It is easy to check that M(x) is an increasing function of x for x ~ 5. 
By Proposition 1, as h*(K) == 2 (mod4) , we have f = I6p (p == 3,5 
(mod8));8p (p==5 (mod8));or pq ((p/q)=-I),where p and q denote 
distinct odd primes. Now / is a nonprincipal character mod f of conductor 
m, wher m is given by (see [6, (3.4) and Theorem 5]) 

{ 
8 or 8 p , if f = 16 p , 

m = p , if f = 8 p , 
p , q, or pq, if f = pq . 

Thus dU/m) = 1,2 and 4 and so, by Lemma 11, we have for any positive 
integer n (noting that 8 < f/8 so that M(8) < MU/8)) 

(4.57) I~ /(r)1 ::; max(M(f) ,2MU/2) ,4MU/8)). 

Observe that the function (.jX log x) / ( .jX log x-I) is decreasing when x ~ e . 
Therefore 

(4.58) 4 U/8)logU/8) (2 U/2)logU/2) flOgf) 
Jf/810gU/8) - 1 > max Jf/210gU/2) - 1 ' -/llogf - 1 . 
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Set g(x) = (v'Xlogx)/27r + yv'X/7r. Observe that 

Vllogj + IVJ- g(f) = Vllogj (1 __ 1 ) > O. 
7r~ 7r 7r~ ~ 

Vllogj + IVJ- 2g (L) = Vl (log 2 + J2y - 2y) > O. 
7r~ 7r 2 7r~ 

and 
Vllogj + IVJ- 4g (L) = Vl (log 8 + J2y - 2y) > o. 
7r~ 7r 8 7r~ 

These inequalities and statement (4.58) imply that 

Vllogj y Irj ~ Irjl I j 3jlog(f/8) 2 -'-'---===-'- + - Y J + - Y J og og + + 
7r~ 7r 7r 27r( J j/810g(j/8) - 1) 

~maX(M(f).2M(f) .4M(f))· 
Combining this with (4.57) yields 

It 2 I (1 ~loglogA 3 
r=l X (r):::; 7r~ + log A + 27r(Jglog1-~) 

+ _y_ + 2 ) Irjlogj. 
7r log A VAlogA Y J 

so that (as i(r) = O. ± 1) 

l~i(r)1 :::; [V VJlogj]. 

where V is defined in the statement of Lemma 22. 

Then, by the definition of L 2(s), Lemma 10, and Lemma 12 with A = i, 
k = j. N = [V Vl log j] , we obtain 

2 N 1 
IL2(so)1 = IL(so' X )1:::; L so 

n=l n 
N 1 :::; L n (as so> 1) 

n=l 

1 
:::; 10gN + y + N 

1 1 
< log V + -2 10gj + log log j + y + 17 

Vyjlogj - 1 

< -+ +--+ +-- 0 ( 1 10giogA y 1 log V) I 
- 2 log A log A (V VA log A _ l)logA log A gj 

as required. 
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Lemma 23. For Iz - sol::; c we have 

(4.59) 10gILl(z)/Ll(so)l::; Clogf, 

where C is defined in (1.7). This result shows that the assumed inequality in 
Lemma 21 holds with 

( 4.60) M = Clogf. 
Proof. Appealing to Lemmas 9, 16, 19, 22, with 

T 1 10giogA y 1 log V --+ +--+ +--- 2 log A log A (V JA - 1)logA 10gA' 
we obtain 

log I ~ll~)) I = log IL(z ,x)1 + log IL(z, /)I-log ILl (so)1 

3 ::; log IL(z ,x)1 + log IL(z ,X )1 + log ((so) + log Ll(so) 

Now, as 

we have 

< 2 (c 10gB + (c/2) logf + c loglogf - 10g(C\/1=-?)) 

+ log ( 1 + So ~ 1) + log log f + log T 

= c logf + (2c + 1)loglogf + 2c 10gB 

- 2 10g(CP) + log( 1 + a logf) + log T. 

log( 1 + a logf) = log(a logf) + log ( 1 + a l~gf ) 
1 

::; log a + loglogf + -I f' a og 

I L (z) I log Ll\SO) < c logf + 2(c + 1)loglogf + loga 

as required. 

+ -11 f + 2c 10gB - 210g(cP) + log T a og 
log log A 1 

::; clogf + 2(c + I) I A logf + llogf 
og a(logA) 

+ (log a + 2c 10gB - 210g(cP) + log T) 
::; Clogf , 

Lemma 24. For X the complex odd quartic primitive character (modf) defined 
in §2 and 1 < a < 2, we have 

L'(a ,Xl) 1 
(4.61) 1 >--210gf+O.78. 

L(a ,x ) 
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Proof. Taking A = / in Lemma 15 we obtain, as y = 0 and :x = XZ = / , 
for a ;::: ! 
( 4.62) 

2L (a ,X ) > log1l' _ logf _ (aI2) +!)l ~ 1 + 1 , 2 r ( ) 
L(a,xz) - r(aI2) 7 a-p a-l+p . 

L(p ,x2 )=o 
O<!Rp<1 

Now, for a;::: 1 and 0 <!)lp < 1, we have 

(4.63) !)l (_1_) = a - !)lp > 0 
a - p la _ plz 

and 

(4.64) !)l ( 1 ) _ a-I + !)lp > 0 
a-I + p - la _ 1 + plz ' 

so that 

( 4.65) 

Now it is known [2, p. 17, equation (2.10)] that for real x> 0 

r(x) 1 00 1 
r(x) < -0.57 - x + x L n(n + x) . 

n=1 
( 4.66) 

Hence, for ! < x < 1 , we have 

that is, 

( 4.67) 

Thus we obtain 

that is, 

( 4.68) 

r(x) x ~ 1 
-r( ) < -0.57 - 1 + -1- +x ~ 2' 

x + X n=Z n 

=_1.57+_X_+X(1l'Z -1) 
1 +x 6 

1l'2 
< -1. 57 + 0.5 + 6 - 1 

< -2.07 + 1.65 = -0.42, 

r(aI2)/r(aI2) < -0.42, for 1 < a< 2. 

L'(a,/) 1 
----'-----''''-;:z..-'- > - -2 log f + 0.57 + 0.21 , 
L(a,X) 

L'(a,/) 1 
----'-----''''-;:2..-'- > - -2 log f + 0.78 , for 1 < a < 2. 
L(a,X) 
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Lemma 25 (see [17, p. 494]). For any real numbers So and Sl such that 

(4.69) 1 < so' 

we have 

( 4.70) L!n (_1_) < _1_ + ~logf, 
P Sl - P Sl - 1 2 

where P runs through all the zeros of L 1 (z) counted according to multiplicity 
in Ip - sol::; c/2. 
Proof. Since 

2 + 3 cos ¢> + 2 cos 2¢> + cos 3¢> = 4 cos2 ¢>( 1 + cos ¢» 2: 0 , 

for all real ¢>, we may take 

and A. = X , in Lemma 14 to obtain, for a > 1 , 

2L '(a ,Xo) +~!n (L'(a ,X) + L'(a ,X)) 
L(a,xo) 2 L(a,X) L(a,X) 

n = 3, 

+!n (L'(a ,/) + L'(a 'X2)) +!!n (L'(a ,/) + L'(a 'X3)) ::; 0, 
L(a,x2 ) L(a,x2 ) 2 L(a,x3 ) L(a,x3 ) 

h · 3 - 2 -2 -3 t at IS, as X = X, X = X , X = X , 

2L '(a ,Xo) + 2!n (L'(a ,X) + L'(a ,X)) + 2!n (L'(a '/)) < 0 
L(a,xo) L(a,X) L(a,X) L(a,x2 ) - , 

equivalently 

(4.71 ) 

Then, appealing to Lemma 9, Lemma 24 and (4.71), we obtain, for 1 < a < 2, 

L'l(a) L'(a,xo) L'(a,/) -- < - - ----'-----''''-::;-'-
Ll(a) - L(a,xo) L(a,x2) 

na) 1 
< - ((a) + '2 logf - 0.78 

1 1 
< -a---l + (a - 1) + '2 logf - 0.78 

1 1 
< a-I + 1 + '2logf - 0.78, 

that is, 

(4.72) L'l (a) 1 1 
Ll(a) < a-I +'210gf+0.22. 
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Next, appealing to Lemma 15 and noting that y = 1 as A. = X (# Xo) is odd, 
we have for a ~ -!-
(4.73) 
L~ (a) > 10 n _ 10 f _ r ( -!- (a + 1)) \Jt ~ ( 1 1) 
LI(a)- g g 1(-!-(a+l)) + ~ a-p+a-(I-p)' 

L(p ,x)=o 
O<'J\p<1 

Putting (4.72) and (4.73) together, we obtain for 1 < a < 2 

\Jt L (a~p+a-(~-p)) p 

( 4. 74) t~fit~;IO 
1 3 r(-!-(a + 1)) 

< --1 + -2 logf + 0.22 -logn + I ' 
a- 1(z(a+l)) 

Set x = -!-(a+ 1). As 1 < a < 2 we have 1 < x < 3/2. Then, for 1 < x < 3/2, 
we have 

00 1 x 00 1 
xL n(n + x) = 1 + x + XL n(n + x) 

n=1 n=2 

X 00 1 
< -1 -+ -x + x L -n-:-( n-+--:l-:-) 

n=2 

3/2 3 1 
< 1 + 3/2 + i . i = 1.35. 

and so, by (4.66), we obtain 

r'(-!-(a + 1)) (4.75) I <-0.57-0.66+1.35=0,12, 
1(z(a + 1)) 

Using the estimate (4.75) in (4.74), we obtain 

\Jt L (_1_+ (~ )) <_1-1 +~10gf+O.22-1.14+0,12 
p a-p a- -p a-

L(p ,x)=o 
O<'J\p<1 

that is, 

(4.76) \Jt L 
p 

L(p ,x)=o 
O<'J\p<1 

1 3 
= a-I + i logf - 0,8 • 

-- + < -- + -logf· ( 1 1) 1 3 
a-p a-(I-p) 0'-12 

The functional equation for Dirichlet L-functions [1, p. 263] implies that 

(4.77) 
if Z E C and z is not an integer, then 
L( 1 - z . X) = 0 ¢} L( z . X) = O. 
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Note that fJ{p ?: So - lfJ{p - sol ?: So - Ip - sol for all pEe. Therefore, if 
Ip - sol ~ e/2, then fJ{p ?: So - e/2 > 1/2. This shows that 

(4.78) {p: Ip - sol ~ e/2} ~ {p : fJ{p > 1/2}. 

Observe that 

fJ{ L:: ( 1 1)' 
0'- P + 0'- (1 - p) p 

L(p ,x)=o 
O<!)tp<1 

-fJ{ ( " _1_ + " _1_) L...J O'-p L...J O'-p 
L(p :x)=o L(p ~)=o 
o<!)tp< I O<!)tp< I 

= fJ{ (L't,oo U ~ p) 
O<!)tp<1 

Note also that, by (4.63) and (4.78), 

(by 4.77) 

p 
L1(p)=0 

Ip-sol~c/2 
!)tp<1 

O'-p -fJ{(" 1) L...J O'-p p 
L1(p)=0 

Ip-sol~c/2 

since L I (z) has no zeros with fJ{z ?: 1 . Thus 

fJ{ ~ (a ~ p + 0'- (! _ p)) ?: fJ{ ( ~ a ~ p) . 
L(p ,x)=o L1(p)=0 
o<!)tp< I Ip-sol~c/2 

This inequality and (4.76) establish (4.70). 

Lemma 26 (see [17, p. 494]). 

L~(s) (b+3/2)alogl 4a(logA)(aelogA+2)CI I -- < + og 
LI(s) - a(I/2-3/4b)+x(b/2+3/4) (aclogA-2)2 . 

Proal. For Sl = 1 + 1/(blogf), where b is defined in (1.4), we have SI > 1. 
Also, as b log I > log I ?: log 64 > 4. 1 > 1 , we have S I < 2. Then, appealing 
to Lemma 25, we have 

~ fJ{CI~P)<SI~1 +~log/=blog/+~log/, 
L1(p)=0 

Ip-sol~c/2 



that is, 

(4.79) 
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L 
P 

L1(p)=O 
Ip- sol::;c/2 
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If p is a zero of Ll (z) in Iz - sol::; e/2, so is p, and thus, from (4.79), we 
deduce 

(4.80) v:t (_1_) < (~+~) logf. Sl - P 2 4 
Next we note that 

1 1 x 
Sl = 1 + -b 1 f > 1 + -1 f ~ 1 + -1 f = S ~ 1, og a og a og 

so that 1 ::; S < Sl ' and hence, by Lemma 20, we obtain 

v:tC~p) ::; 1-(SI-~)v:t(~)v:tCI ~p) 

so that 

L 
P 

Ldp)=O 
Ip- sol::;c/2 

that is, 

(4.81 ) L 
p 

L1(p)=O 
Ip- sol::;c/2 

< 1 v:t( ___ 1 ) 
1 - (Sl - s)(b/2 + 3/4)10gf Sl - P , 

1 
<------,---.,..,..--,--"-.,,.--.,.-,.,....,.-~ 

1 - (Sl - s)(b/2 + 3/4)10gf 

(b + 3/2)10gf 
< 1 - (l/b - x/a)(b/2 + 3/4) 

(b + 3/2)10gf 
= -:-:( 1---(:-:-1 /-:-:-b-:-)(:-:-b /=2'----+----:3:-:-/4-':-:-)"':"') +--7-'( x'-:-/ a'-:-)-:-:-( b-'-:/ 2~+-3::-/:-:-:-4 ) 
_ (b+3/2)alogf 
- a(1 - 1/2 - 3/4b) + x(b/2 + 3/4) , 

v:t (_1_) < (b + 3/2)alogf 
S - P a(I/2 - 3/4b) + x(b/2 + 3/4) . 

Hence, by Lemmas 21 and 23, and (4.81), we have 

L~(s) < (b+3/2)alogf + 4a(10gA)(aelogA+2)Clo f 
L1(s) - a(I/2-3/4b)+x(b/2+3/4) (aelogA-2)2 g, 

which is the required inequality. 

Lemma 27 (see [17, p. 494]). 

(4.82) to L'l (s) ds < 2 log (1 + (9 + 6v'2)) + 4(10gA) (ae log A + 2)C. 
i 1 Ll(S) 2a (aelogA-2)2 
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Proof. By Lemma 26 we obtain 

to L'I(s) d t ( (b+3/2)alogf 
11 LI (s) S < 10 a(I/2 - 3/4b) + x(b/2 + 3/4) 

+ 4a(logA)(ac log A + 2)CIOgf) ~ 
(ac log A - 2)2 a logf 

= 2 t (b/2 + 3/4) dx + 4(logA)(ac log A + 2)C 
10 a(I/2 - 3/4b) + x(b/2 + 3/4) (ac log A _ 2)2 

= 2 [lOg (a (~ - :b) + x (~ + ~) ) L 
4(logA)(ac log A + 2)C + ---'---'---'-'-------;;,....--'--

(ac log A - 2)2 

21 (1 (b/2 + 3/4)) 4(logA)(ac log A + 2)C = og + + ----'----'-'-----'------;;,....--'--
a(I/2 - 3/4b) (ac log A - 2l 

21 (1 (9+6V2)) 4(logA)(aclogA+2)C = og + + ----'----'----'-'-----'------;;,....--'--
2a (ac log A - 2)2 

completing the proof of (4.82). 

Lemma 28 (see [17, p. 495]). -logLI(I) < 210g10gf + 10gD -log(2n2). 
Proof. By Lemmas 10, 17 and 27, we obtain 

1 to L' (s) 
-logLI (1) < loga + loglogf + a logf + logL2(so) + 11 L: (s) ds 

1 < loga + loglogf + -1 A + loglogf a og 

+ 2 log (1 + (9 + 6V2)) + 4(logA)(ac log A + 2)C 
2a' (aclogA-2)2 

= 210g10gf + 10gD -log(2n2) (by (1.8)) 

completing the proof of Lemma 28. 

Proposition 2. h*(K) > f/D(logf)2. 
Proof. From (2.14) and Lemma 28, we have 

* 2 logh (K)=logf+logLI(I)-log(2n) 
> logf - 210g10gf -logD 

= log ( f ) 
D(logf)2 ' 

so that h*(K) > f/D(logf)2, as required. 



Type f 
8p 
p = 5 (mod8) 

16p 
II p = 3 (mod 8) 

III I 16p 
P = 5 (mod8) 

III2 
pq 

IV p=3(mod4) 
q = I (mod8) 
(plq) =-1 

pq 
VI p= I (mod8) 

q = 5 (mod8) 
(plq) =-1 

pq 
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TABLE 1. Types of field K 

DAB c 
defining relation for number of 
B (> 0) and C (> 0) fields 

P I (mod2) 2 (mod 4) p = B2 + C2 

2 p I 

2 p I 

------ - - - -- - - --
2p I (mod2) I (mod2) 2p = B2 + C2 2 

q p o (mod4) I (mod2) q = B2 + C2 

q p 2 (mod 4) I (mod2) q = B2 + C2 

pq 2 (mod4) I (mod2) pq = B2 + C2 2 
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VII p=q=5(mod8) p q 2 (mod 4) I (mod 2) p=B2+C2 
(plq) =-1 

II = -I (mod8) 
II = I (modp) 
ordG/1 = 2 

II = -I (mod 16) 
II II = I (modp) 

ordG/1 = 2 

II = -I (mod 16) 
III II = I (modp) 

ord(;/I = 2 

II = -I (modp) 
IV II = I (modq) 

ord(;/I = 2 

II = gIP- l l/2' (modp) 
V II = I (modq) 

ordG/1 = 2 

II = g(P- l l/4 (modp) 
VI II = I (modq) 

ordG/1 = 4 

q p 2 (mod4) I (mod2) q = B2 + C2 

TABLE 2. Generators of G 

12 = 5 (mod8) 13 = I (mod4) 
12 = I (modp) 13 = g(P- l l/4 (modp) 
ordGI2 = 2 ordG/3 = 4 

12 = 5 (mod 16) 13 = I (mod6) 
12 = I (modp) 13 = -I (modp) 
ordGI2 = 4 ordG/3 = 2 

12 = 5 (mod 16) 13 = 1 (mod6) 
12 = I (modp) 13 = g(P- l l/4 (modp) 
ordGI2 = 4 ordG/3 = 4 

12 = I (modp) 13 = g2 (modp) 
12 = h(Q- l l/2' (modq) 13 = I (modq) 
ordGI2 = 2s ordG/3 = (p - 1 )/2 

12 = I (modp) 13 = g2' (modp) 
12 = h(q- l l/4 (modq) 13 = I (modq) 
ordGI2 = 4 ordG/3 = (p - I )/2r 

12 = I (modp) 13 = g4 (modp) 
12 = h(q- l l/4 (modq) 13 = 1 (modq) 
ordGI2 = 4 ordG/3 = (p - 1)/4 

14 = I (mod8) 
14 = g4 (mod p) 
ordGI4 = (p - 1)/4 

14 = I (mod 16) 
14 = g2 (mod p) 
ordGI4 = (p - 1)/2 

14 = I (mod 16) 
14 = g4 (modp) 
ordGI4 = (p - 1 )/4 

14= I (modp) 
14 = h2' (mod q) 
ordGI4 = (q - 1 )/2S 

14 = 1 (modp) 
14 = h4 (modq) 
ordGI4 = (q - 1 )/4 

14 = 1 (modp) 
14 = h4 (modq) 
ordGI4 = (q - 1 )/4 
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5. METHOD OF CALCULATION OF h*(K) 

We now describe how the computation of the relative class number h * (K) 
was carried out for all imaginary cyclic quartic fields K with conductor f < 
416 ,000. First, a data file was created containing all those integers f in the 
range 1 < f < 416, 000, which are of one the forms specified in Propo-
sition 1, together with the values of D, A , B ,C for which the field K = 

Q( J A(D + Bv'I5)) has conductor f. Table 1 indicates the possibilities that 
can occur (p and q denote distinct odd primes). 

In all there are 28,186 such 5-triples (f, D , - A , B ,C) with f < 416 , 000 : 
1338 of type 1,718 of type 11,2166 of type 111,10948 of type IV, 7764 of type 
V, and 5252 of type VI. 

The generators of the group G 20 Gal(Q(e21ri/ j )/Q) are the integers I, ,/2 ,/3 , 

14 (mod!) defined as in Table 2 (see for example [3, Chapter 4]). We note that 
g (resp. h) denotes a primitive root (modp) (resp. (modq)) and 2' (resp. 
2s ) is the highest power of 2 dividing p - 1 (resp. q - 1 ). For k = 1 ,2,3,4 
we let ) k = 0 , 1 , 2 ,3 denote the integer such that 

(5.1 ) 

In Table 3 we give the values of the )k'S corresponding to generators Ik of 
the 2-part of G. These values will help us in determining the generators of the 
2-part of H. 

TABLE 3. Values of )k 

), = 0 or 2 
I )2 = 0 or 2 

)3 = 1 or 3 

), = 0 or 2 
II )2 = 1 or 3 

)3 = 0 or 2 

), = 0 or 2 
III, )2 = 1 or 3 

)3 = 2 

), = 0 or 2 

IV ), = 2 
)2 = 1 or 3 

V, ), = 2 
)2 = 1 or 3 

V2 ), = 1 or 3 
)2 = 1 or 3 
), = 1 or 3 

VI, )2 = 2 

III 2 )2 = 1 or 3 VI2 ), = 2 
)3 = 1 or 3 )2 = 1 or 3 

Proof of values given in Table 3. We first note that I E a,i Hand 

ordGI = 2 => 1 E a,2J H => 2) == 0 (mod 4) =» = 0 or 2. 
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This establishes that jl = 0 or 2 and j2 = 0 or 2 in I; jl = 0 or 2 and j3 = 0 
or 2 in II; and jl = 0 or 2 in III. We treat the remaining values case by case. 

I. Let r be a prime = 13 (mod f) so that (from Table 2) 

{ r = 1 (mod 8) , 
r = g(P-I)/4 (modp). 

Then, appealing to Table 1 and the law of quadratic reciprocity we have, 

(~) = (~) = (~) = (g(P:I)/4) = (~yP-I)/4 = (_I)(P-I)/4 = -1, 

and so 13 E aH or a 3 H , that is j2 = 1 or 3. 
II. Let r be a prime = 12 (mod!) so that (from Table 2) 

{ r=5 (mod 16) 
r = 1 (modp). 

Then, appealing to Table 1, we have (Dlr) = (2Ir) = -1, and so 12 E aH or 
a 3 H , that is j2 = 1 or 3. 

III I . Let r be a prime = 12 (modf) so that (from Table 2) 

{ r=5(mOdI6), 

r = 1 (modp). 
Then, appealing to Table 1, we have (Dlr) = (2Ir) = -1, and so 12 E aH or 
a 3 H , that is, j2 = 1 or 3. 

Now let r be a prime = 13 (modf) so that (from Table 2) 

{ 
r = 1 (mod 16) , 
r = g(P-I)/4 (modp). 

Then, from Table 1, we have (Dlr) = (2Ir) = 1, and so 13 E H or a 2 H, that 
is, j3 = 0 or 2. Now, by [19, Theorem, p. 257], we have 

( A(D +rBv'D)) = ( -p(2 r+ V2)) = _ (~) (_I)(r-I)/8 

= (~) = (~) = (~yP-I)/4 =-1, 

so that 13 E a 2 H , that is j3 = 2. 
I112 • Similar to III I • 
IV. Let r be a prime = II (modf) so that (from Table 2) 

{ r = -1 (mod p) , 
r = 1 (modq). 

Then, as D = q from Table 1, we have 

(~) = (~) = (~) = (~) = 1, 
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and so jl = 0 or 2. Further, appealing to [19, Theorem p. 257], we have 

(A(D+rBVD)) = (-P(q~ByIq)) = (-/) (_1)(r-I)(q-I)/8 (~)B (~)4 

= (~) = (~1) = -1, 
and so jl = 2. 

Now let r be a prime := 12 (modf) so that (from Table 2) 

{ 
r:= 1 (modp), 
r := h(q-I)/2' (modq). 

Then, as D = q from Table 1, we have 

(~) = (~) = (~) = (~yq_l)/2S = -1, 

and so j2 = 1 or 3. 
VI' Let r be a prime := II (modf) so that (from Table 2) 

{ 
r:= g(P-I)/2' (modp), 

r:=1(modq). 

Then, as D = q from Table 1, we have 

(~)=(~)=(~)=1, 
and so jl = 0 or 2. Now by [19, Theorem, p. 257], we have 

(A(D+rBVD)) = (-P(q~ByIq)) = (-rP ) (_1)(r-I)(q-I)/8 (~)B (~)4 

= (-rP ) (_1)(r-I)/2 = (~) = (~) = -1, 

so that j I = 2 . 
Now let r be a prime := 12 (mod!) so that (from Table 2) 

{ 
r:= 1 (modp), 
r:= h(q-I)/4 (modq). 

Then, as D = q from Table 1, we have 

(~) = (~) = (~) = (~yq-I)/4 =-1, 
and so j2 = 1 or 3. 

V 2 • Similar to VI' 
VII' Let r be a prime := II (mod!) so (from Table 2) 

{ 
r:= g(P-I)/4 (modp), 

r:=1(modq). 
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Then, as D = p from Table 1, we have 

(~) = (~) = (~) = (~yP-I)/4 = -1, 

so that i I = 1 or 3. 
Now let r be a prime = '3 (mod!) so (from Table 2) 

{ r= 1 (modp), 
r = h(g-I)/4 (modq). 

Then, as D = p from Table I, we have 

(~)=(~)=(~)=1, 
and so i2 = 0 or 2. Appealing to [19, Theorem, p. 257] we have 

(A(D+rBJ]5)) = (-q(P:By'P)) = (~q)(_I)(p_I)(r_I)/8(~)B (~)4 

= (-rq ) (_I)(r-I)/2 = (~) = (~) = (%YQ-I)/4 = -I, 

so that i2 = 2. 
V12 . Similar to VII' 
Next we show that the generators of H can be taken as listed in Table 4 

below. We remark that as the odd part of G is the same as the odd part of 
H , it suffices to prove that the 2-part of H is generated by the elements of 
even order listed in Table 4. The order of each generator in the table is given 
in parentheses. 

I 
II 
III 
IV 
VI 
V2 

VII 
VI2 

TABLE 4. Generators of H 
'J~I[2] "2'~2[2],'4[(P - 1)/4] 
'I'~l [2], '~3'3[2], '4[(P - 1)/4] 
'I'~l [2] ,,~hh '3[4], '4[(P - 1)/4] 
'Ji[25 - ' ], '3[(P - 1)/2], '4[( q - 1) /25 ] 

'1'~[25] ,'3[(P - 1 )/25] ,'4[(q - 1 )/4] 
11/~jlh[2r], 13[(p - 1)/2r], '4[(q - 1)/4] 
2 'JI[4], '3[(P - 1)/4], 14 [(q - 1)/4] 

2 
'1 /2[4], 13 [(p - 1)/4], 14 [(q - 1)/4] 

Proof that the values given in Table 4 are generators of H . 
I. A typical element of the 2-part of G is of the form 

( 5.2) tt'l/fl 
I 2 3 (u = 0,1; v = 0,1; w = 0, 1 ,2,3). 

This element belongs to the 2-part of H if and only if 

(5.3) 
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As i l and i2 are even and i3 is odd (Table 3), (5.3) is equivalent to w == 
- i I U - i2 v (mod 4). Hence (5.2) becomes 

tl"I-J,u-hv - (I rJ,)u(1 rh)v - (1IJ')-U(llh)v 
123 - 13 23 - 13 23' 

showing that the 2-part of H is generated by II/~' and 12/~2 . 
II. A typical element of the 2-part of G is of the form 

(5.4) IU l" ,Ill 
123 (U = 0,1; v = 0,1,2,3; w = 0,1). 

This element belongs to the 2-part of H if and only if 

(5.5) 

As i l and i3 are even and i2 is odd (Table 3), (5.5) is equivalent to v == 
-ilv - i3W (mod4). Hence (5.4) becomes 

IUI-J,U-hw,1lI _ (I rJ,)u(/-hl)w _ (I r,)-u(lhl )-w 
12 3-12 23 -12 23 

showing that the 2-part of H is generated by II Ii' and W 13 . 
III. A typical element of the 2-part of G is of the form 

(5.6) (U = 0, 1; v = 0, I ,2,3; W = 0, 1 ,2,3). 

This element belongs to the 2-part of H if and only if 

(5.7) 

As i l is even and i2 is odd (Table 3), (5.7) is equivalent to v == - i l U - i2i3W 
(mod4). Hence (5.6) becomes 

tl-J,U-hhW{'" _ (I rJ,)u(rhhl )111 _ (1IJ,)-u(/3hhl )111 
12 3 - 12 2 3 - 12 2 3 

. 3 . 
showing that the 2-part of H is generated by IJi' and 1/2J3 / 3 • 

IV. A typical element of the 2-part of G is of the form 

(5.8) I~/~ (u=0,I;v=0,1, ... ,2s -1). 

This element belongs to the 2-part of H if and only if 

(5.9) 

As i l = 2 and i2 is odd, (5.9) is equivalent to v == 2u (mod4) or 

v == ° (mod 2), 
Hence (5.8) becomes 

U == vj2 (mod 2). 

'11/2 v s II 12 (v = 0,1 , ... ,2 - 1; v even) 

= (ll/;)w (w=0,1, ... ,2s - l -l), 

showing that the 2-part of H is generated by II/~ . 
V. A typical element of the 2-part of G is of the form 

(5.10) I~/; (u=0,1, ... ,2r -l;v=0,1,2,3). 
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This element belongs to the 2-part of H if and only if 

(5.11 ) 

VI' As jl = 2 and j2 is odd (Table 3), (5.11) is equivalent to v == 2u 
(mod4). Hence (5.10) becomes 1~/iu = (/l/i)U, showing that the 2-part of H 
is generated by II Ii . 

V2. As jl and j2 are both odd (Table 3), (5.11) is equivalent to v == 3jlj2u 
(mod 4) . Hence (5.10) becomes 

t/3JlilU _ (113J1h )u 
I 2 - 12 ' 

3 . 
showing that the 2-part of H is generated by 111/il2 • 

VI. A typical element of the 2-part of G is of the form 

( 5.12) (u = 0, 1 ,2,3; v = 0, 1 ,2,3). 

This element belongs to the 2-part of H if and only if 

(5.13) 

VII' As jl is odd and j2 = 2 (Table 3), (5.13) is equivalent to u == 2v 
(mod4). Hence (5.12) becomes 

1211 t' _ (/21 )" 
I 2 - I 2 ' 

showing that the 2-part of H is generated by I~ 12 . 
VI2 • As jl = 2 and j2 odd (Table 3), (5.13) is equivalent to v == 2u 

(mod4). Hence (5.12) becomes 

t f2u = (I 12)u 
I 2 I 2 ' 

showing that the 2-part of H is generated by II Ii . 
Finally the elements of H ,o.H ,0.2 H ,0.3 H were computed using the genera-

tors of H given in Table 4, and a count kept of those in each coset whose least 
positive residue (mod!) was less than /12. The relative class number h*(K) 
was then calculated from the formula (see (3.13)) 

* 2 2 (5.14) h (K) = ((Co - C2) + (CI - C3) )IE, 

where 

( 5.15) 

and 

(5.16) 

CJ = L (j = 0, 1 ,2,3) 

(

8, 

2, 
E-

18, 

10, 

O<n<J/2 
nE"JH 

if / == 0 (mod 2) , 
if / == 1 (mod2) and 2 E H, 
if / == 1 (mod2) and 2 E o.2H, 

if / == 1 (mod 2) and 2 E o.H or 0.3 H . 
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The identities 
( 5.17) 

and the congruence 
2 2 (5.18) (CO-C2 ) +(C1 -C3) =0 (modE), 

served as checks on the calculation in order to reduce the chances of a computer 
error. Only the 10 fields K listed in §1 were found to have h*(K) = 2 [8]. 

The program to compute the table of values of h*(K) was run at various 
times over a two-month period and the authors would like to express their 
appreciation to David Hutchinson, Associate Director (Services and Facilities), 
Computing and Communication Services, Carleton University, for allocating 
resources on Carleton University's Honeywell CP-6 systems in order to carry 
out these computations. 
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